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Abstract 
 
The transient heat transfer in a solid undergoing 
ablation is a nonlinear problem, which involves a 
moving boundary that is not known a priori. In this 
paper the ablation problem is solved with constant 
material properties and time-constant heat flux using 
the integral method for a finite one-dimensional solid 
with a dimensionless formulation. An approximate 
analytical, closed solution is obtained. The results are 
compared with solutions presented by the literature. 
 

Nomenclature 

Pδ   Dimensionless Heat Penetration Depth 

Aδ   Dimensionless Ablation Depth 

u     Dimensionless Relative Depth (
AP δδ − ) 

Q     Dimensionless Heat Flux (
( )OA TTk

qL
−

′′ ) 

ν     Inverse Stefan Number (
( )OAP TTc −

λ ) 

θ     Dimensionless Temperature ( ( )
( )OA

O
TT

TT
−

− ) 

τ    Dimensionless Time ( 2Ltα ) 

x    Dimensionless Length ( LX ) 

L    Characteristic Length      t    Time 

AT    Ablation Temperature  X   Length 

OT    Initial Temperature    λ    Heat of Ablation 

n     Function Degree    k    Thermal Conductivity 

α    Thermal Diffusivity    q ′′    Heat Flux 
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Introduction 
 
The ablation problem, as have been treated by many 
authors, is a complex non-linear phenomenon that can 
be analyzed from different perspectives, using different 
techniques and, consequently, presenting different, but 
similar, results. According to Chung1 and Zien2, the 
exact analytical solution for transient heat transfer in a 
solid undergoing ablation is very difficult and 
practically nonexistent even when a simplify model is 
used. Due to this fact, many numerical, approximate 
analytical and hybrid solutions have been developed 
and, almost all of them require considerable numerical 
computation even for simple cases. As a continuation of 
a previous work3, the present one makes use of the 
integral method4 to get an approximate closed form 
analytical solution for the phase-change ablation 
problem with time-constant heat flux of a one-
dimensional finite solid. 
 

Literature Review 
 
Landau5 first proposed an idealized ablation problem 
and solved it for the case of a semi-infinite melting 
solid with constant properties and with its face heated at 
constant rate. He applied numerical integration for his 
solution. 

Sunderland and Grosh6 presented the same problem but 
described a method of solution using finite differences 
for the case where the surface is heated by convection. 
Biot and Agrawal7 used the variational method for the 
analysis of ablation with variable properties. Blackwell8 
used the finite volume method with exponential 
interpolation functions to solve Landau�s problem. 

Storti9 considered a one-phase ablation problem as a 
two-phase Stefan one by the introduction of a fictitious 
phase occupying the region where the material has been 
removed. He solved this problem by the finite element 
method. 
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Goodman4 solved Landau�s problem using the heat 
balance integral method with a quadratic temperature 
profile for a constant heat flux. Zien2 solved 
Landau�s problem for two specific forms of heat flux 
with a refined heat balance method using exponential 
temperature profiles. 
 

Physical Model 
 
A one-dimensional finite solid with a dimensionless 
length of one, which is heated at its front surface by a 
dimensionless time-constant heat flux Q, is 
considered. At the beginning of the process, the heat 
is conducted inside the material, rising its 
dimensionless temperature in a region close to the 
front face, as can be seen at Fig. 1A. The length of 
this region is called heat penetration depth, δP, which 
varies with time. This period will be called case A. 
The heating continues until one of the following 
situations is reached: or the penetration depth reaches 
the back surface (δP = 1, case B), or the front face 
dimensionless temperature is equal to one unit (θA = 
1, case C) and starts the ablation phenomenon, or 
both situations happen at the same time (case D). 
 
The dimensionless time τB is the starting time of case 
B while τC

 is the starting time for case C and finally, 
τD  is the starting time for case D. 
 

 
Fig. 1 � Physical model adopted 

 

The back surface is considered insulated then, when 
the penetration depth reaches the back face, its 
temperature starts to rise together with the 
temperature of all the body (Fig.1B). The temperature 
rise continues until the front surface reaches the 
dimensionless temperature of one, so that the 
material presents both conditions of cases B and C at 
the same time, starting case D. 
 
In case C, the front face dimensionless temperature is 
equal to one and the surface ablation phenomenon 
starts. During the ablation, part of the heat is used to 
keep the surface at the ablating temperature (θA = 1) 
and the remaining heat is used to change the phase of 
the ablation material. The phase-change event 
consumes part of the material and the length of the 
ablated part is denominated ablation depth, δA. 
During case C (Fig. 1C), the material can be divided 
into three regions: the first, ranging from zero to δA, 
corresponds to the removed material region, the 
second is the heated material zone, between δA and 
δP, and the third one is from δP to the end, where the 
material have not felt the presence of the heat flux. 
The case C ends when the heat penetration front 
reaches the back surface and, therefore, the case D 
starts. 
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Figure 1D shows the last case (case D) in which the 
front surface temperature is equal to one and the heat 
penetration front has already reached the back 
surface. In case D, similarly to case C, part of the 
heat flux is used to heat the material and the rest is 
consumed in the ablation. In this circumstance, as 
time goes on, there is less material to heat and the 
ablation is faster. In the end limit, all material has 
been ablated. 
 

Analytical Model 
  
General Formulation 
 
The following dimensionless one-dimensional 
transient partial differential heat transfer equation is 
used to determine the ablation rate and the heat 
penetration depth: 
 

2

2

x∂
∂

=
∂
∂ θ

τ
θ  (01) 

 
which is valid at fττ ≤≤0  and 10 ≤≤≤≤ PA x δδ . 
The Eq. 1 is integrated in x from δA to δP. The results 
are rearranged using Leibniz�s integral formula 
resulting in: 
 

AP

P

A
xx

A
A

P
P xxd

d
d

ddx
d
d

δδ

δ

δ

θθ
τ
δθ

τ
δθθ

τ == ∂
∂−

∂
∂=+−∫  (02) 

 
To perform this integration, the following 
temperature profile is considered: 
 

( )
( ) BxA n

AP

n
P +
−
−=
δδ

δθ  (03) 

 
where A and B are time-dependent parameters used to 
adjust the adopted temperature profile to the problem 
solution. The B parameter represents the back surface 
temperature and the A parameter the difference 
between the front and the back surfaces. This 
temperature profile is valid in the interval 

PA x δδ ≤≤ . 
 
Substituting Eq. 3 in Eq. 2 and performing the 
integration, one gets, after some algebra 
manipulation: 
 

( ) ( ) ( )

( )AP

A

APAP

nA
d

dA

d
Bd

n
A

d
d

δδτ
δ

τ
δδδδ

τ

−
=+

−+







−

+1 . 
(04) 

Case A – Pre-Ablation Problem 
 
The following conditions can be considered for the 
case A: 
1. The heat penetration depth is moving, i.e, 

0>
τ
δ

d
d P . 

2. Ablation front is constant, i.e., 0=Aδ . 
3. At Px δ= , 0=Pθ  and 0=

∂
∂−

x
θ . 

4. At Ax δ=  the boundary condition are Q
x

=
∂
∂− θ  

and 0>
τ
θ

d
d A . 

 
From the Eq. 3 and the third boundary condition one 
gets that 
 

0=B , (05) 
 
 and using the last boundary condition with the Eq. 3 
one gets,  
 

( )
n

QA AP δδ −= . (06) 

 
Using these results and the second boundary 
condition, Eq. 4 can be rewritten as, 
 

( ) Q
nn

Q
d
d P =








+1

2δ
τ

. (07) 

 
Integrating, one has: 
 

( )
∫

+=
τ

τ

τδ
A

dQ
Q
nn

P
1 . (08) 

 
Insulating the parameter A, one gets: 
 

( )
∫

+=
τ

τ

τ
A

dQ
n
nQA 1 . (09) 

 
Considering a constant heat flux, Eqs. 8 and 9 can be 
rearranged as, 
 

( )( )AP nn ττδ −+= 1  (10) 
 
and 
 

( ) ( )An
nQA ττ −+= 12

 . (11) 
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Making ( ) 1=BP τδ  one can solve Eq. 10 getting 
 

( ) AB nn
ττ +

+
=

1
1 , (12) 

 
On the other hand, considering ( ) 1=CA τ  and using 
Eq. 11 one gets 
 

( ) AC nQ
n ττ +

+
=

12
. (13) 

 
Comparing both expressions (Eqs. 12 and 13), if 

CB ττ =  one has 
 

( ) ( ) AA nQ
n

nn
ττ +

+
=+

+ 11
1

2
. (14) 

 
For nQ = , from Eq. 14 it can be shown that 

CB ττ =  , 
which represents exactly the transition time between 
cases A and D. If nQ >  then 1<

Q
n  and consequently 

BC ττ <  and, in this situation, the problem ranges from 
case A to case C and later to case D. If nQ <  then 

1>
Q
n  and BC ττ >  and the ablation passes from A to 

B and later to D. 
 
Case B – Pre-Ablation Problem 
 
The following conditions can be considered for the 
case B: 
1. The heat penetration depth is stopped at the back 

surface, i.e, 1=Pδ . 
2. The ablation depth is stopped at the front surface, 

where 0=Aδ . 
3. At 

Px δ=  one has 0=
∂
∂−

x
θ  and 0>

τ
θ

d
d P . 

4. At 
Ax δ=  the boundary condition are Q

x
=

∂
∂− θ  

and 
0>

τ
θ

d
d A . 

Similarly to what was done for case A, using the 
temperature profile given by Eq. 3 in the fourth 
boundary condition, one gets  
 

( )
n

QA AP δδ −= . (15) 

 
Using the first and the second conditions, Eq. 15 can 
be rewritten as: 
 

n
QA = . (16) 

 
From the Eqs. 4, 15 and 16, and the boundary 
conditions B1 and B2, one can get: 
 

( ) Q
d

Bd
nn
Q

d
d =+








+ ττ 1

. (17) 

 
Solving Eq. 17 for B , one gets: 
 

( )
( )1+
−−= ∫ nn

QQdQB B

B

τ

τ

τ  (18) 

 
where BQ  is the heat flux Q  at the moment Bτ . At 
the constant heat flux condition Q  one gets 
 

( )BQB ττ −= . (19) 
 

Dτ  can be calculated for the instant where the front 
surface reaches the ablation temperature ( 1=+ BA ). 
Considering the heat flux time-variable, it can be 
seen that: 
 

( ) ( )11
1

+
−

+
−=∫ nn

Q
nn

nQdQ BD
D

B

τ

τ

τ , (20) 

 
or for a constant heat flux 
 

BD Q
n

n
ττ +








−= 11 . (21) 

 
 
Case C – Ablation Problem 
 
The following conditions can be considered for the 
case C: 
1. The heat penetration depth is moving, i.e, 

0>
τ
δ

d
d P . 

2. The ablation depth is is moving, i.e, 0>
τ
δ

d
d A . 

3. At Px δ=  one has 0=
∂
∂−

x
θ , 0=Pθ  and 

0=
τ
θ

d
d P . 

4. At Ax δ=  the boundary condition are 

τ
δνθ

d
dQ

x
A−=

∂
∂− , 1=Aθ  and 0=

τ
θ

d
d A . 
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Using the temperature profile given by Eq. 3, in the 
third and forth temperature boundary conditions, the 
following system is obtained: 
 

( )
( )
( )
( )










=+
−
−=

=+
−
−=

1

0

BA

BA

n
AP

n
AP

A

n
AP

n
PP

P

δδ
δδθ

δδ
δδθ

 (22) 

 
Which has the solutions: 0=B  and 1=A . 
 
Substituting the expression given by Eq. 3 in the 
forth (heat flux) boundary condition and solving for 

τ
δ

d
d A , one gets after some manipulation: 

 

( )AP

A nQ
d

d
δδνντ

δ
−

−= . (23) 

 
Substituting Eq. 23, and the results for A and B in Eq. 
4 one can obtain: 
 

( )
( ) ( ) ( )APAP

AP nnQ
nd

d
δδδδνν

δδ
τ −

=
−

−+







+
−

1
. (24) 

 
With some simple algebra manipulation, this 
equation can be rewritten as 
 

( ) ( ) ( ) 












−

−

+
+=−

νδδ
νδδ

τ
Qnn

n
d
d

AP
AP 1

 
(25) 

 
Defining u as the relative distance between the heat 
penetration front and the ablation front, i.e, 

APu δδ −= , Eq. 25 can be rearranged as, 
 

( ) ( ) ( )
νν

ν
τ

Qn
u
nn

d
ud 111 +−++=  (26) 

 
and finally, defining a auxiliary variable, 

( )
∫

+=
τ

τ

τ
ν

γ
C

dQn 1 , and considering u as a γ dependent 

function, i.e., ( )γuu = , Eq. 26 can be expressed as 
 

( ) 11 −+=
Qu

n
d

ud ν
γ

. (27) 

 
The solution of Eq. 27 is: 
 

( )

( ) ( ) ( ) 









+

















+

−−
+








−

+

⋅+=

1
1

1
1

exp1
1

1

ν
γ

νν

ν

n
Q

n
uQ

n
uQLambertW

Q
nu

CC
(28)

 
where uC is the relative depth at the beginning of case 
C. Using the original γ variable, the last expression 
can be rewritten as: 
 

( )

( ) ( )
( )

( ) 












+
























+
+−−

+







−

+

⋅+=

∫ 1
1
11

1
exp1

1

1

τ

τ

τ
νννν

ν

C

dQ
n

nQ
n

uQ
n

uQLambertW

Q
nu

CC
(29)

 
Substituting Eq. 29 in Eq. 23 one gets, 
 

( ) ( ) ( )
( )

( ) 












+
























+
+−−

+







−

+
+

−=

∫ 1
1
11

1
exp1

1
1

τ

τ

τ
νννν

νν
ντ

δ

C

dQ
n

nQ
n

uQ
n

uQLambertW

QQ
d

d

CC

A

(30)

 
Solving Eq. 30 for δA one obtains: 
 

( ) ( )( ) ( )

( ) ( )
( )

( ) 












+
























+
+−−

+







−

+

⋅
+

−
++

+
+

=

∫

∫

1
1
11

1
exp1

1

1111
τ

τ

τ

τ

τ
νννν

νν

τ
δ

C

C

dQ
n

nQ
n

uQ
n

uQLambertW

nQ
n

n
u

dQ

CC

C
A

(31)

 
From the u definition, one knows that AP u δδ += , 
and using Eqs. 29 and 31,  it is given by 
 

( ) ( )( )
( )( )( )

( )

( ) ( )
( )

( ) 












+
























+
+−−

+







−

+

⋅
+

−+++
++

+
+

=

∫

∫

1
1
11

1
exp1

1

1
111

111
τ

τ

τ

τ

τ
νννν

ν
νν

τ
δ

C

C

dQ
n

nQ
n

uQ
n

uQLambertW

Qn
nn

n
u

dQ

CC

C
P

. 

(32)

 
Considering a constant heat flux and 

Q
nuC =  and 

from Eqs. 13 and 10, Eqs. 31 and 32 can be rewritten 
as 
 

( )
( ) ( )( ) ( )

( ) ( )
( )( )

( ) 









+

















+

−+−
+

−







+

−

⋅
+

−
++

+
+
−=

1
1

1
1

exp
1

111
1

1
2

νν
ττ

ν
ν

ν
ν

νν
ττδ

n
nQLambertW

nQ
n

nQ
nQ

C

C
A  ,

(33)

( )
( ) ( )( )

( )( )( )
( )

( ) ( )
( )( )

( ) 









+

















+

−+−
+

−







+

−

⋅
+

−+++
++

+
+
−=

1
1

1
1

exp
1

1
111

11
1

1
2

νν
ττ

ν
ν

ν
ν

ν
νν

ττδ

n
nQLambertW

Qn
nn

nQ
nQ

C

C
P . 

   
(34)
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The above expression can be used to calculate Dτ  for 
1=Pδ , which corresponds to the limit time between 

case C and case D. 
 
Case D – Ablation Problem 
 
The following conditions can be considered for the 
case D: 
1. The heat penetration depth is located at the back 

surface, i.e, 1=Pδ . 
2. The ablation depth moves, 0>

τ
δ

d
d A . 

3. At 
Px δ=  one has 0=

∂
∂−

x
θ  and 0>

τ
θ

d
d P . 

4. At 
Ax δ=  the boundary condition are 

τ
δνθ

d
dQ

x
A−=

∂
∂− , 1=Aθ  and 0=

τ
θ

d
d A . 

 
Similarly to Case C, the relative depth, u is used. 
From Eq. 4 and using the first, a third and fourth 
boundary conditions, the following ordinary 
differential equation is obtained: 
 

[ ] ( )
u
AnuA

d
d 1+−=
τ

 . (35) 

 
Substituting Eq.3 in the forth boundary condition and 
isolating the 

u
A  term, one gets: 

 

n
Q

d
ud

nu
A +=

τ
ν . (36) 

 
Equation 36 can be substituted into Eq. 35 and, after 
some manipulation, it can be rewritten as:  
  

( ) 0
1

=











++

+ ∫
τ

τ

τ
νντ

D

dQuuA
n

n
d
d  , (37) 

 
which can be solved for A using the case D initial 
condition, getting: 
  

 
( )











−−++= ∫

τ

τ

τ
ν

ν

D

dQuu
un

n
u
uAA D

DD 1  , (38) 

 
where uD is the relative depth at the τD, which, in 
turn, is the initial dimensionless time for case D. 
Similarly AD is the parameter A at τD. 
 
Substituting the Eq. 38 at Eq. 36 and isolating the 
derivative term one can get after some manipulation 
 

( ) ( )
( )

ν

τ
νν

τ

τ

τ Q
u

n
u

dQnnAnu

d
ud D

D
D

−+−

+−





 ++

=
∫ 1

11

2
. (39)

 
Again, similarly to case C, an auxiliary variable, 

∫=
τ

τ

τ
ν

η
D

dQ , is defined and considering u as a η 

dependent function, i.e., ( )ηuu = , Eq. 39 can be 
expressed as 
  

( )
( ) 1

1
1

2 −







−−+

+
+= uu

n
uAn

uQ
n

d
ud

D
DD η

ν
ν

η
. (40) 

 
Solving it, through some mathematical manipulation 
one can gets Eq. 41. 
 
This is a hard to solve transcendental equation. A 
more friendly expression, based at a physical limits 
analysis and considering a constant heat flux, can be 
obtained from Eq. 40: 
Considering the instant which η=0 and, 
consequently, u(0)=uD, Eq. 40 can be rewritten as 
 

1−=
D

D

uQ
An

d
ud
η

. (42) 

 
Physically, ηF is the instant in which u=0, i.e, the 
auxiliary time when the ablation phenomenon is 
finished and, therefore, all the income heat flux is 
used to ablate the solid material. 
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Numerically it can be shown that 
 

1−=
ηd
ud . (43) 

 
Therefore, one can observe that, 
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Manipulating this equation one gets, 
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The following expression is selected as an 
approximated solution:  
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where the terms C, D, E and m are obtained though 
the Eqs. 42, 43 and the boundary conditions u(0)=uD  
as well as u(ηF)=0. Based on these conditions the Eq. 
46 is rewritten as: 
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and consequently the Eq. 38 becomes, 
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Returning to the original variables one gets, 
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From the u definition, uPA −=δδ , and it is given by 
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In a similar way using Eq. 50 and the temperature 
statement of the forth boundary condition, one can 
demonstrate that 
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(52)

 
Figure 2 presents a plot of the parameter u as a 
function of η using Eq. 46 and Eq. 41, as well as the 
results obtained through numerical calculation of 
Eqs. 40 using the algebra manipulation software 
Maple®.  
 

 
Fig. 2 � Comparison between different solution of 
Eq. 40 (Parameters used: Q=3 n=3 ν=2, uD=1, 
ηF=11/8, AD=1) 

 
From this plot, it can be observed that the values 
obtained by means of the  numerical solution 
methods applied to the exact solution (Eq. 40, cross) 
agree very well with the approximated analytical 
solution (Eq. 47, circle).  On the other side, the 
complicated exact solution given by Eq. 41, 
continuous line present so many numerical errors 
during the evaluation of that expression, that the 
result expressed by Eq. 41 is useless for practical 
purposes.  
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Results 
 
In this section, results obtained for four different heat 
flux conditions are presented. At all graphics the 
following notation is used: the blue line indicates the 
temperature difference between the front and the 
back surface, which is evaluated by the A parameter 
at the temperature profile; the green line is the back 
surface temperature, evaluated by the B parameter of 
the temperature profile; the black line is the ablation 
front δA as presented at the physical model; the red 
line is the u variable which represents the difference 
between the heat penetration and the ablation fronts; 
and the orange line represents the heat penetration 
front. All the x-axis corresponds to the dimensionless 
time and the y-axis to the normalized dimensionless 
variable of interest. 
 
The case for which Q<n is presented in Fig. 3. It can 
be noted that the temperature difference between the 
front and back surface (blue curve) remains constant 
during the case B time period and that the ablation 
starts when this difference starts to reduce. In case D 
end of the time period range, the ablation speed is the 
highest of the process. 
 
Figure 4 shows the case where the dimensionless heat 
flux Q is equal to the n degree used at the 
temperature profile. In this situation, the system goes 
from case A directly to case D, which can be noted 
by the non-existence of any constant value level for 
the temperature differences or for the u variable. 
 
Another interesting case is when the heat flux is 
greater than n and the system goes from case A to 
case D passing through case C. These cases are 
present at Fig. 5 for Q=5 and Fig. 6 for Q=8. It is 
interesting to observe that with the increasing of the 
heat flux there is a change at the concavity of the 
temperatures curves (blue, A parameter, and green, B 
parameter). This behavior occurs because, with the 
increase of the heat flux, the B parameter presents an 
increase of its velocity at the end of case D, as can be 
observed with Eq. 52. 
 
In a general way, the results presented at Figs. 3-6 
can be considered mathematically correct and 
physically consistent, as demonstrated along this 
paper. Figure 7 shows a plot for the present model, 
similar to Figs 3 to 6, and the results obtained from 
Chung1 work using the Finite Difference Method for 
the same problem presented at this work. The 
Chung�s solution was implemented for comparison 
with present results.   
 

At Fig. 7 the front surface temperature is represented 
with the blue line and the back surface with the red 
one. The difference between the temperatures (front 
and back surface) is shown at the black line and the 
ablation front position with the green line. The 
thinner lines are used to the present work solutions 
and the thickest to the Chung�s ones. 
 
Based at Fig. 7 one can observed that the developed 
solution presents the same trends of the Chung�s 
results, but there are considerable differences 
between the results of the solutions methods used. 
Actually, this disagreement between models can be 
easily explained by the fact that, in the present work, 
it is not considered a transient behavior at the 
transition between the cases considered. Therefore, 
the shift between results starts in the transition time 
between Cases A and B, where a difference in the 
initial derivative causes all the discrepancy of the 
absolute values of position and temperatures 
observed for all the time range studied.  
 
It is recommended that in the near future a transient 
behavior between cases should be adopted, or using 
the blending technique (see Yovanovich10) or 
adopting other boundary conditions.  
 

Conclusions 
 
In the present work, an approximate analytical 
solution was developed using the integral method to 
the transient phase-change ablation problem with 
time-constant heat flux applied over a surface of a 
one-dimensional finite solid. The results were not 
conclusive but they indicate a good perspective of 
development for the near future. The goals for the 
continuation of the present work are to get a better 
comparison with results from the literature as well as 
to obtain data from experimental studies to be 
performed at the laboratory.  
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Figures 
 

 
Fig. 3 � Parameters used: Q=2 n=3 ν=2  

 

 
Fig. 4 � Parameters used: Q=3 n=3 ν=2  

 

 
Fig. 5 � Parameters used: Q=5 n=3 ν=2 

 

 
Fig. 6 � Parameters used: Q=8 n=3 ν=2 

 

 
Fig. 7 � Comparison between Chung�s solution1 and 

present work. 

(Parameters used: Q = 1, n = π / (4 � π), ν = 1) 
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